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Combinatorics, the Inclusion-Exclusion Principle
Gian-Carlo Rota, the Italian born American mathematician and philosopher once said of the
inclusion/exclusion principle that it is one of the most useful principles of enumeration in discrete
probability and combinatorial theory. The concept is attributed to Abraham de Moivre in 1718, but
first appeared in a paper by Daniel da Silva in 1854 (Wikipedia).
The addition law of probability can be stated as:
Pr(𝐴 ∪ 𝐵) = Pr(𝐴) + Pr(𝐵) − Pr(𝐴 ∩ 𝐵)
Consider the simple experiment of selecting a card at random from a set of thirty cards each
numbered from 1 to 30, and define the events 𝐴 and 𝐵 as:
𝐴: Selecting a card with a number that is divisible by 2
𝐵: Selecting a card with a number that is divisible by 3
1

There are 30 numbers in the event space 𝐴 and so Pr(𝐴) = 2 and there are 10 numbers in the event
1

space 𝐵 and so Pr(𝐵) = 3. However, the probability that the number is divisible by either 2 or 3,
1

1

denoted Pr(𝐴 ∪ 𝐵) is not equal to 2 + 3 because we recognise that there are five numbers common
to both event spaces. Hence the addition rule allows for the possibility of double counting, and
includes where necessary the subtraction of the overlapping probabilities. Thus with 5 numbers
1

1

divisible by both 2 and 3, the correct probability in this instance is given by Pr(𝐴 ∪ 𝐵) = 2 + 3 −
5
30

2

= 3. As finite probabilities are determined as counts relative to the sample space count, we can

place the cardinalities (In finite sets, the cardinality is simply the number of elements in the set.) of
the sample spaces into a Venn diagram:

𝑛(𝐴) = 15

𝐴

𝐴∩𝐵

10

5

𝐵

𝑛(𝐵) = 10

5
10

The 10 numbers not contained in 𝐴 ∪ 𝐵 are those that are not divisible by either 2 or 3.These were
the numbers that were left after we had identified the others. They were counted directly as
numbers that were left out in a sort of ‘divisibility sieve’. Instead, we could have counted what was
left in the sieve indirectly – by subtracting from 30 the number of numbers that were contained in
𝐴 ∪ 𝐵. This seems intuitively obvious, but the idea of looking at the problem in this way has
ramifications for a more general concept that we are seeking to develop.
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Hence, from the addition rule, we can write in terms of cardinalities that:
𝑛(𝐴 ∪ 𝐵) = 𝑛(𝐴) + 𝑛(𝐵) − 𝑛(𝐴 ∩ 𝐵) (1)

In the example:
𝑛(𝐴 ∪ 𝐵) = 15 + 10 − 5 = 20
Thus, using the “prime” negation symbol we have that:
𝑛(𝐴 ∪ 𝐵)′ = 30 − 𝑛(𝐴 ∪ 𝐵) = 30 − 20 = 10
We now increase the complexity of our divisibility example by introducing a third event 𝐶 defined as:
𝐶: Selecting a card with a number that is divisible by 5
A careful inspection of the list of thirty numbers shows the Venn diagram of cardinalities as:

𝐴

𝐵

8

4
2

1

4
1

2

8
𝐶

Thus there is only one number that is divisible by 2, 3 and 5 and hence 𝑛(𝐴 ∩ 𝐵 ∩ 𝐶) = 1. This is
represented by the small centre space in the Venn diagram and is known as a three-set intersection.
Also we see that the cardinalities of the two-set intersections are given by 𝑛(𝐴 ∩ 𝐵) = 5,
𝑛(𝐴 ∩ 𝐶) = 3 and 𝑛(𝐵 ∩ 𝐶) = 2.
We can see by the addition of all the coloured subsets that 𝑛(𝐴 ∪ 𝐵 ∪ 𝐶) = 22 but we are seeking
an expression in the form of equation (1) above. To this end, we know that 𝑛(𝐴) = 15 and
𝑛(𝐵) = 10 and 𝑛(𝐶) = 6. The cardinalities of these three sets sum to 31 and so the double
counting in the summation totals 9. But the sum of the cardinalities of the two-set intersections
adds to 10. This implies that the one number in 𝐴 ∩ 𝐵 ∩ 𝐶 must be added back from any subtraction
we do because of the double counting. Thus we have:
𝑛(𝐴 ∪ 𝐵 ∪ 𝐶) = 𝑛(𝐴) + 𝑛(𝐵) + 𝑛(𝐶) − {𝑛(𝐴 ∩ 𝐵) + 𝑛(𝐴 ∩ 𝐶) + 𝑛(𝐵 ∩ 𝐶)} + 𝑛(𝐴 ∩ 𝐵 ∩ 𝐶) (2)

So therefore in our example, 𝑛(𝐴 ∪ 𝐵 ∪ 𝐶) = 15 + 10 + 6 − {5 + 3 + 2} + 1 = 22.
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A pattern is emerging. In the case of two sets (equation (1) above) we added the cardinalities of the
two sets themselves, and subtracted the cardinality of the single two-set intersection. In the three
set case of equation (2) we added the cardinalities of each of the three sets, then subtracted the
sum of the cardinalities of the three two-set combinations and then added back the cardinality of
the single three-set intersection.
Note that there were three two-set intersections because there are 3C2 = 3 ways to combine 2 sets
from three. We also started with 3C1 = 3 individual sets and finished with 3C3 = 1 three-set
intersection. Another interesting pattern emerges with the number of sets and set intersections
summing to 23 − 1 = 7.
We predict that in the four set case we will have the 4C1 = 4 sets themselves, the 4C2 = 6
combinations of two-set intersections, the 4C3 = 4 combinations of three-set intersections and the
4
C4 = 1 four-set intersection. That is, a total of 24 − 1 = 15 sets and subsets, as given in the table
below.
Plus
Minus
Plus
Minus
4 Sets
2-set intersections
3-set intersections
4-set intersections
𝐴
𝐴∩𝐵
𝐴∩𝐵∩𝐶
𝐴∩𝐵∩𝐶∩𝐷
𝐵
𝐴∩𝐶
𝐴∩𝐵∩𝐷
𝐶
𝐴∩𝐷
𝐴∩𝐶∩𝐷
𝐷
𝐵∩𝐶
𝐵∩𝐶 ∩𝐷
𝐵∩𝐷
𝐶∩𝐷
It is possible to prove by using mathematical induction that the pattern can be generalised to any
number of sets, with the “sign” of the cardinality of the summed combinations in each column
flipping back and forth continuously. It is a little like heating and cooling a meat pie using a hot oven
and a cold refrigerator in order to reach a desired temperature – each step lowers or lifts the
temperature across what is required, but in ever decreasing increments.
The insight you need to grasp though is that the first subtraction takes away all of the elements that
appear in more than one set. That is, it takes away the elements in all of the 𝑛-set intersections. The
restorative addition brings back all of the elements appearing in more than two sets. It adds back too
much, and so the process continues until the correct cardinality of the three individual sets is
reached. It is a discrete-step convergent process known as the inclusion-exclusion principle.
Venn diagrams are often shown with symmetric intersections, but they don’t have to be. The
inclusion-exclusion principle works for any number of sets that have any number of intersections. It
is a completely generalizable concept that can be applied to many problems. It also has a beautiful
mathematical description that is discussed in Question 1 on the next page.
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Questions
1. The mathematical expression for the inclusion-exclusion principle (IEP) is given as:
𝑛

|⋃ 𝐴𝑖 | =

∑

(−1)|𝐽|−1 |⋂ 𝐴𝑗 |

∅≠𝐽⊆{1,2,3,…,𝑛}

𝑖=1

𝑗∈𝐽

It certainly looks daunting, but it would look pretty good on a t-shirt, and if you ever did that
you would have some explaining to do, so let us do that. The vertical parallel lines refer to
cardinality and the large U stands for “union”, so the left hand side reads “the cardinality of the
union of the sets 𝐴1 , 𝐴2 , 𝐴3 , … , 𝐴𝑛 ” . In most school textbooks, the cardinality of the set A is
most often written 𝑛(𝐴) and we have kept with this convention in the Whetstone. However for
these questions, we will use vertical lines). The right hand side begins with a summation sign
∑ signifying the addition of the cardinality of the bundles of 1-set, 2-set,…, 𝑛-set
intersections, and those intersections are symbolised as ⋂𝑗∈𝐽 𝐴𝑗 . The final piece of the puzzle is
a mathematical expression to handle the flipping of the sign between the bundles represented
as (−1)|𝐽|−1 . As |𝐽| − 1 changes from odd to even, the quantity (−1)|𝐽|−1 changes from plus
one to minus one, effecting the necessary sign changes of the IEP.
Write down the full expression for |⋃2𝑖=1 𝐴𝑖 | = ∑∅≠𝐽⊆{1,2}(−1)|𝐽|−1 |⋂𝑗∈𝐽 𝐴𝑗 |
2. Refer to this Venn diagram indicating the cardinalities of the regions shown:

A 7
C 3

𝑥

0 B
8

(a) If |𝐴 ∪ 𝐵 ∪ 𝐶| = 12 use the IEP to find 𝑥.
(b) Find the cardinality of the universal set, given by |𝜀|
(c) Rewrite the Venn diagram conventionally, like the one shown in the middle of page 2.

Answers
1.

|𝐴1 ∪ 𝐴2 | = |𝐴1 | + |𝐴2 | − |𝐴1 ∩ 𝐴2 |

2. (a) 𝑥 = 2 (b) |𝜀| = 20 (c) left to reader.
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