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Calculus, Rates of Change
The Rainbow
When a light ray hits a water droplet in the sky at an incident angle 𝑖° as shown in the schematic
diagram below, some of the light refracts (shown at 𝐴) toward 𝐵. At 𝐵 some of the remaining light
reflects to 𝐶 and finally enough light refracts (in a reverse sense) out of the droplet to arrive at some
point 𝑃 on the ground. If we chase the angles around we find that the total angle of deflection
measured from the line 𝐿𝐴 clockwise to the line 𝐶𝑃 is given by 𝐷 where 𝐷 = 180° + 2𝑖° − 4𝑟°.
Because of a relationship between the angles 𝑖 and 𝑟 empirically verified by the Dutch
mathematician Willebrord Snellius (1580 – 1626), we can show that 𝐷 can be expressed solely as a
function of the incident angle. This is given by:
sin 𝑖°
)]
𝑘

𝐷(𝑖) = 180° + 2𝑖° − 4 [sin−1 (

0° ≤ 𝑖 ≤ 90°

The constant 𝑘 is known as the refractive index, and for light crossing an air/water interface the
4

value of 𝑘 is about 3. The sun as a light source can be thought of as an infinite set of parallel light
rays striking the drop. The function 𝐷(𝑖) thus maps all of the possible incident angles to total
deflection angles. The function and its graph have been extensively studied, but by far the most
interesting region of the graph is around the dip shown here.

Referring to the graph, as the incident angle changes from 0° to about 56° the total deflection angle
falls rapidly. We say the rate of change of 𝐷 is negative (it is said to be falling) and the magnitude of
that rate of change is relatively large. Beyond about 56° though, the change in the deflection angle
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slows. From about 56° to 63° there is hardly any change to the deflection angle at all. The rate of
change of the deflection angle across that region, however small, changes from negative to positive
and thus at some point becomes zero. By calculus methods, it can be shown that that point is close
to 𝑖 = 60° when the deflection angle reaches its lowest magnitude of 138°.
For natural philosophers though, including Isaac Newton, the minimum held some interest, but more
interesting was the fact that the rate of change of 𝐷 across an interval of about 7° was almost zero.
In other words, across a band of incident light rays originally striking the raindrop, the light rays
being emitted from the raindrop are exiting in almost the same direction. Other light rays away from
this band are being dispersed in different directions. Thus the minimal change in 𝐷 across the 7°
band preserves the light intensity in that region.
We know that white light is made up of different colours that give rise to slightly different refractive
indices. As the light passes through the raindrop, these colours consequently separate into subbands within the 7° band. The rainbow is the physical manifestation of that intensity band. The
minimum deflection angle of 138° is observed from the ground as the complementary 42° angle of
elevation of the exiting light rays. See question 2 for an explanation of this phenomenon.
Velocity as a rate of change
The following graph represents the displacement-time function given by:
1
[(𝑡 − 10)2 (𝑡 − 100)] + 5400 for 𝑡 ≥ 0
𝑥(𝑡) = 20

where the displacement 𝑥 of a particle is measured in metres and 𝑡 is measured in seconds.

The graph shows the particle moving away from the origin for approximately 10 seconds, then
returning to the origin arriving at time 𝑡 = 70 seconds, before moving away again continuously.
The average velocity of the particle across any time interval is determined by the ratio of the change
in displacement to the time taken. Note that this can be numerically different from the average
speed, which is determined by the ratio of the distance travelled to the time taken.
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To illustrate this point, the average velocity of the particle in the first 70 seconds is given by
𝑥(70)−𝑥(0)
70

interval is

0−4900
= −70 metres per second, whereas the average speed across the same time
70
|𝑥(10)−𝑥(0)|+|𝑥(70)−𝑥(10)|
|5400−4900|+|0−5400|
5900
2
given by
=
= 70 or 84 7 metres per second.
70
70

=

Thus it is crucial when determining average speed that stationary points are located so that travel
distances can be found.
𝑑𝑥

The instantaneous velocity 𝑑𝑡 at any given point 𝑃 is determined as the gradient of the tangent to
the curve at 𝑃. The gradient itself is specified by a limiting process often characterised by the
𝛿𝑥

equation 𝑚 = lim𝛿𝑡→0 𝛿𝑡 where 𝛿𝑥 represents a small change in displacement and 𝛿𝑡 represents a
small change in time.
Physically drawing the tangent onto the graph and then making rise-over-run estimates of the
change in displacement and the change in time can produce fairly good estimates of instantaneous
velocity. For example in the graph shown above a tangent has been drawn at 𝑡 = 100 and by simple
observation a change in displacement of 13,400 occurs over a time interval of approximately 33
seconds, and so an estimate of the instantaneous velocity is given by

13400
33

= 406 metres per

second. By calculus techniques, we know that the correct value is 405 metres per second.
The instantaneous velocity is the instantaneous rate of change of displacement with respect to time.
Note that in our example the instantaneous rate of change of displacement at 𝑡 = 10 seconds is
zero because the gradient of the tangent drawn at that point is zero. The same applies at 𝑡 = 70
seconds. At each of these points the particle’s velocity is zero. Although this particular particle
changes direction across these two points, it is not sufficient to detect a change in direction based
solely on the velocity being momentarily zero.
We could also talk about the rate of change of the tangent’s gradient over time. Note that in our
example, there is little change of gradient around 𝑡 = 40 seconds. In fact change is virtually
undetectable by observation in the interval 35 ≤ 𝑡 ≤ 45, even though we can show by calculus that
the tangent’s gradient is changing ever so slightly on each side of the 40-second mark. Through a
limit process again we can verify that the instantaneous rate of change of the gradient is exactly zero
at 𝑡 = 40.
In this context, we are really referring to instantaneous acceleration – the rate of change of
instantaneous velocity. For this particular function there is only one point on the graph that exhibits
zero acceleration.
In a lot of scientific enquiry, laws of nature have been formulated by the observation of rates of
change. This is one reason why the concept is critically important. Examples include laws of
population growth, the spread of epidemics, and the cooling of liquids.
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Questions
Verify using the rainbow diagram that 𝐷 = 180° + 2𝑖° − 4𝑟°?
The rate of change of the deflection angle 𝐷 can be shown to be measured by a function

1.
2.

given by 𝐷 ′ (𝑖) = 2 − 4 [

cos 𝑖
√𝑘 2 −sin2 𝑖

] where the incident angle is interpreted as measured in
4

radians (see Whetstone 56 for explanation). Given 𝑘 = 3 find 𝐷 ′ (𝑖) when 𝑖 =
3.

𝜋
3

= 60°.

Using the rainbow graph, find the average rate of change of the deflection angle in degrees
with respect to the incident angle between 𝑖 = 10° and 𝑖 = 50°.
The particle depicted in the displacement-time graph changes direction at 𝑡 = 10. Use the
formula for 𝑥(𝑡) to verify that 𝑥(10) = 5,400 metres.
Construct a tangent at 𝑡 = 20 and use it to estimate the instantaneous velocity at that time.
Find the average velocity for the two equal time periods 10 ≤ 𝑡 ≤ 40 and 40 ≤ 𝑡 ≤ 70
using the formula and average these. What do you notice? Make a conjecture about the
result if we decided to average the average velocities obtained by breaking up the interval
10 ≤ 𝑡 ≤ 70 into 4,8,16…equal time intervals? Why would this be true?

4.
5.
6.

1
[(𝑡 − 10)2 (𝑡 − 100)] + 5400 use the formula 𝑚 =
For the function 𝑓(𝑡) = 20

7.

𝑓(90+ℎ)−𝑓(90)
ℎ

for ℎ = 2,1,0.1 to estimate the instantaneous velocity at 𝑡 = 90.

Answers
1.

In the diagram, there are two obtuse angles at the circle’s centre, say 𝑂, each of size 180 − 2𝑟. The acute
angle between the radius 𝑂𝐴 and the line 𝐿𝐴 extended inside the circle is 𝑖°, as is the angle between 𝑂𝐶
and 𝑃𝐶 extended. Hence the dart with apex at the intersection of 𝐿𝐴 and 𝑃𝐶 extended has its internal
apex angle as 360 − 4𝑟 + 2𝑖. Thus the complementary angle 𝐷 must be 180 + 4𝑟 − 2𝑖.

2.

0.0272122 which is close to zero. Assuming 𝑘 = then the minimum occurs at 𝑖 ≈ 59°24′, however 𝑘

3.
5.
6.
7.

4
3

varies slightly according to the different coloured light in the colour spectrum under consideration, so
𝑖 = 60° is a reasonable approximation. This means that the total deflection angle is 138° and
consequently the angle of elevation of an observer 𝑃 looking up at the rainbow is 42°. This is called the
rainbow angle, and the observer sees the arc of the rainbow as a section of the base of a cone whose apex
angle is 42°.
−0.75 deflection degrees per incident degree.
Answers will vary - Authors estimate −76m/s. Q6 -5,400 m in 60 seconds = 90 m/s.
The average is still 90 m/s. Provided the time intervals are kept equal, no matter how many sub-intervals
are constructed, the average of the average speeds across each sub-interval will not change from 90 m/s.
240m/s.
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