The Monkey and the Coconuts Problem
Background
This problem is perhaps one of the most well known mathematical puzzles of the
last hundred years. According to Wikipedia, a short story writer Ben Williams
modified an older problem and included it in a story in the October 9, 1926 issue
of The Saturday Evening Post. The magazine was swamped by interested readers
wanting a solution. Much later Martin Gardner (1914-2010), the American
popular mathematics writer, featured the problem in his April 1958
Mathematical Games column in the magazine Scientific American. Gardner once
told his son that it was his favourite puzzle.
The problem eventually condenses into a Diophantine equation, which is
essentially a problem in integers. This particular story involves solving for
integer variables, say 𝑥 and 𝑦, in the equation 𝑎𝑥 + 𝑏𝑦 = 𝑐. Hidden in the text
there are leads that allow you to deduce the constants 𝑎, 𝑏, 𝑐 and thus ascertain
the possible solutions.
We have taken the liberty of applying our own characterization of the problem,
although the essential mathematics is the same as that in the classic version. As a
deliberate pedagogical strategy the authors have endeavoured to spend more
time dealing with the intricacies of the algebra than perhaps would otherwise be
shown.
Here is our take of the puzzle:
The Puzzle:
Five pirates and a monkey were shipwrecked on an island. They spent the
first night gathering coconuts. During the night, one of the men woke up
and decided to take his share of the coconuts. He divided them into five piles.
One coconut was left over so he gave it to the monkey, then hid his share
and went back to sleep.
Soon a second pirate woke up and did the same thing. After dividing the
coconuts into five piles, one coconut was left over which he gave to the
monkey. He then hid his share and went back to bed. The third, fourth, and
fifth villain followed exactly the same procedure. The next morning, after
they all woke up, they divided the remaining coconuts into five equal shares,
and yet again, there was one coconut left over. The five agreed to give it to
the monkey.
Can we ascertain, from the information given, how many coconuts were in
the original pile?

Let’s revisit the crime scene:
Suppose that there were 𝑚 coconuts in the original pile. When the first pirate
divided the heap into five piles, he saw that there was one left over. He gave that
single coconut to the monkey so that each of the five smaller piles contained
!
𝑚 − 1 coconuts. After he secretly buries his share, he recombines the
!
!

!

remaining piles into one heap of 4× ! 𝑚 − 1 = ! 𝑚 − 1 coconuts.
When the second pirate arrived sometime later, he also divided the heap into
five and saw that one coconut was left over. Thus we can state without any
working at all, that after the pirate takes his share and hands the spare coconut
to the monkey, the number of coconuts remaining must be:
4
×
5

4
𝑚−1
5

−1

This is because, after each pirate takes their lot, there remains exactly one
!
coconut less than ! of the number of coconuts that were there when they first
arrive. This is a key observation in solving the puzzle.
!

The last expression simplifies to !" 16𝑚 − 36 and so we know that when the
third pirate turned up and repeated the actions of the previous pirate, the
amount remaining in the recombined heap became:
4
1
×
16𝑚 − 36 − 1
5
25
!

This simplifies to !"# 64𝑚 − 244 and again, when the fourth pirate was done,
the pile size became:
4
1
×
64𝑚 − 244 − 1
5
125
!

This simplifies to !"# 256𝑚 − 1476 so that the fifth pirate must have found a
reduced heap of coconuts of size:
4
1
1
×
256𝑚 − 1476 − 1 =
1024𝑚 − 8404
5
625
3125

When all five pirates awoke the next morning, and went to inspect the pile, they
must have noticed that it had reduced in size. Of course none of them would have
said anything for that would have put them under suspicion and they may not
have got off the island alive.
At this time all five pirates saw that there was one coconut left over when they
divided them into five equal piles. Hence we know that, not counting the one
thrown to the monkey, the last heap contained:
1
1
1024𝑚 − 8404 − 1 =
1024𝑚 − 11529
3125
3125
The right hand side of this equation must have been divisible by 5 and we can
therefore deduce that for some integer 𝑛,
1
1024𝑚 − 11529 = 5𝑛
3125
By rearrangement it is easy to see that the two numbers 𝑚 and 𝑛 must satisfy the
equation:
1024𝑚 = 15625𝑛 + 11529
This formidable equation has the two variables 𝑚, the number of coconuts that
were in the original heap, and an integer 𝑛 that will make the equation true. With
two variables and only one equation, it may be the case that there are many pairs
of numbers (𝑚, 𝑛) that satisfy this equation.
One way to proceed is by using a trial and error strategy to search for these
pairs. Perhaps a spreadsheet program might reveal a solution.
But there is another way through.
Throughout the investigation the expression describing the number of coconuts
that remained after each pirate did their deed was algebraically simplified. If this
were avoided, we would end up with a series of nested expressions as follows:
!
!
! !
! !
! ! !
! ! !

! ! ! !
! ! ! !

𝑚 − 1 after the first Pirate

𝑚 − 1 − 1 after the second Pirate
𝑚 − 1 − 1 − 1 after the third Pirate

𝑚 − 1 − 1 − 1 − 1 after the fourth Pirate

In the morning, after accounting for the actions of the fifth pirate and the monkey
the night before, and after the monkey is given his morning coconut, the number
in the heap just before the remaining coconuts were divided is given by:
4 4 4 4 4
𝑚−1 −1 −1 −1 −1
5 5 5 5 5

This means that each sailor receives

1 4 4 4 4 4
×
𝑚−1 −1 −1 −1 −1 −1
5 5 5 5 5 5

When this expression is carefully expanded, each pirate share, say 𝑛 coconuts,
becomes
4!
1 4! 4! 4! 4! 4
𝑛 = !𝑚−
+ + + + +1
5
5 5! 5! 5! 5! 5
The expression in brackets is a geometric series with first term 1 and common
!

ratio !. Its sum is therefore
be written as

! !!
!
!

! !
!

=5 1−

! !
!

4!
4
𝑛 = !𝑚− 1−
5
5

and so the pirate share can

!

By using a little algebra this means that
5! 𝑛 + 1 = 4! 𝑚 + 4
The challenge with this equation is the fact that 𝑚 and 𝑛 are both integers, so
finding an integer 𝑛 for a given 𝑚 is a formidable task.
The problem is well known, and the smallest positive solution is 𝑛 = 1023
coconuts per Pirate starting with an original pile of 15,621 coconuts. We can
verify this solution by going through the five steps, so that:

1
15,620 = 12,496
5
1
12,496 − 1 + 12,495 = 9,996
5
1
9,996 − 1 + 9,995
= 7,996
5
1
7996 − 1 + 7,995
= 6,396
5
1
6396 − 1 + 6,395 = 5,116
5
1
∴ 1 + 5,115 = 1 + 𝟏, 𝟎𝟐𝟑
5

𝟏𝟓, 𝟔𝟐𝟏 − 1 +

Again, there is an easy way to see that this is the smallest positive solution. If we
allow the possibility of a negative solution, and look back to the last equation in
𝑛 and 𝑚 we might notice that 𝑚 = −4 and 𝑛 = −1 is a solution. We can verify
this in the same way as we verified the last solution.
1
5
1
−4 − 1 +
5
1
−4 − 1 +
5
1
−4 − 1 +
5

−𝟒 − 1 +

∴ 1+

1
−5
5

−5

= −4

−5

= −4

−5

= −4

−5

= −4

= 1 + −𝟏

Note that 𝑛, 𝑚 = −1, −4 satisfies the earlier expression for a single final day
pirate share of the remaining coconuts given by 1024𝑚 = 15625𝑛 + 11529.
Thus:
1024 −4 = 15625 −1 + 11529.
Adding 1024×15625 to both sides of this equation yields
1024 −4 + 1024×15625 = 15625 −1 + 11529 + 1024×15625
so that
1024 −4 + 15625 = 15625 −1 + 1024 + 11529
This simplifies to 1024 15621 = 15625 1023 + 11529
In other words, 𝑛, 𝑚 = 1023, 15621 is also a solution.

Generalising this maneuver, we could write that
1024 −4 + 𝑘×1024×15625 = 15625 −1 + 11529 + 𝑘×1024×15625
This shows that
1024 −4 + 𝑘×15625 = 15625 −1 + 𝑘×1024 + 11529
Thus, there is an infinite set of solutions of the form
𝑛, 𝑚 = 1024𝑘 − 1, 15625𝑘 − 4

A note on time considerations
Of course, the task that the first pirate committed to was formidable. Counting at
a rate of one coconut per second would have taken him at least 4 hours and 20
minutes. Then separating his share of coconuts adds another 52 minutes of time,
so that the total time counting becomes about 312 minutes.
Using the same count rate, the second pirate would spend about 260 minutes on
his task, the third about 165 minutes, the fourth about 134 minutes and the fifth
pirate about 105 minutes. Ignoring any time spent burying the coconuts and
then covering tracks the pirates would have needed at least 11 hours 46 minutes.
What this calculation implies is that the only realistic solution is given by
𝑛, 𝑚 = 1,023, 15,621 and even then the count rate was probably more than 1
coconut per second.
So if this were a true story, and pirate stories are always true, then the most
likely number of coconuts found by the pirates was 15,621.

