Christian Zeller and the Gregorian Calendar
Pope Gregory XIII and the Gregorian calendar
Friday 7 January 1502 – Saturday 10 April 1585
The Gregorian calendar in use today is not so old. The United Kingdom, its colonies,
including the American colonies, adopted the reforms in September of 1752 during the
reign of King George II. Prior to this the Julian calendar had been in use across most of
the western world and it had accounted fairly well for the Earth’s last quarter turn in its
annual orbit. However, after about 1500 years, the rounding error in the fractional part of
!
365 ! was beginning to reveal itself. Over that time, the use of 0.25 instead of the more
accurate fraction of 0.24219 had resulted in a week and a half retreat of the vernal
equinox with respect to the official date.
The Julian calendar’s simplicity is why it lasted for so long – one leap year every four
years – but the venerable Bede first noticed the effect of the annual 0.00781day (11¼
minute excess) difference as early as 725 AD. He noted then that the full moon was
ahead of its tabulated date. But it took a further 777 years before Pope Gregory XIII
signed a papal bull heralding, in the year 1582, a new and improved calendar for the
world. While most Catholic countries adopted the changes immediately, the protestant
countries, included the United Kingdom opted for deferral. It took another 170 years
before the UK, on 22 May 1751, enacted the Gregorian calendar into law for itself and
her colonies.
The changes made in the United Kingdom were predominantly threefold. Strange as it
may seem, New Years Day, under the old arrangements, was not 1 January of each year.
It was celebrated on the 25th March and was known to Catholics as Lady’s day, the feast
of the annunciation. The new arrangements made 31 December 1751 the last day of that
year (shortening it to 282 days) to allow the New Year, and every New Year after that, to
begin on 1 January. The third and perhaps most controversial change was to fix the
slippage that had occurred by using the Julian calendar. It was decreed that the day
following Wednesday the 2nd September 1752 would be Thursday 14th September 1752, a
shortening of a total of 11 full days. Added to this, an arrangement was put in place to
keep the calendar in pace with the seasons. All ‘end of century’ years, 1800, 1900 etc.
would be common years (as opposed to leap years) unless they were divisible by 400
(such as the year 2000).
Christian Zeller
Monday 24 June 1822 – Wednesday 31 May 1899
The chaotic way in which months are assigned a certain number of days is a remnant of
history, but it was Christian Zeller, a school inspector in Germany who, on 16 march
1883, announced at a meeting of the Mathematical Society of France that he had
stumbled on a rule that could be used to determine the number of the elapsed days of any
common year.
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In Zeller’s scheme, the amount of days in each of the twelve calendar months could be
thought of as having 28 days plus some excess of 0, 2 or 3 days shown here.
Month
Excess
Month
Excess

Jan (13)
3
Jul (7)
3

Feb (14)
0
Aug (8)
3

Mar (3)
3
Sep (9)
2

Apr (4)
2
Oct (10)
3

May (5)
3
Nov (11)
2

Jun (6)
2
Dec (12)
3

It is not easy to find a single formula that progressively compiles these excess days
correctly as each month passes but Christian Zeller found it, and he is remembered for it
as well, for his formula is buried within the clockwork calculations of computer programs
we use today.
There is an unfortunate awkwardness to the formula though because, for it to work
properly, the starting month is March, 𝑚 = 3, and the finishing months are January and
February, where 𝑚 = 13 and 𝑚 = 14 are used in place of the usual 1 and 2.
Zeller’s brilliant formula, which calculates the total number of excess days 𝑒! from
March through to month 𝑚 − 1 (3 ≤ 𝑚 ≤ 14), is shown here.

𝑒! =

13×𝑚𝑜𝑑 𝑚 + 9 , 12 + 2
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The term 𝑚𝑜𝑑 𝑚 + 9 , 12 is interpreted as the remainder when the quantity 𝑚 + 9 is
divided by 12, and is a fairly standard notation in modern computer spreadsheet
programs. The outside bracket symbol
is the modern notation for the floor function,
which, for a positive number, has the effect of eliminating its decimal part. The constants
are simply numbers that Zeller experimentally found that made the formula work. It is an
ingenious piece of thinking.
To some Zeller’s formula could look daunting, so an example may help.
For the month of June we set 𝑚 = 6 then add 9 to make 15. The remainder when 15 is
divided by 12 is 3, and so 13×3 + 2 = 41. The numbers 13 and 2 look a little mystical,
but Zeller’s rationale was simply to play around with constants that made the whole thing
work. In his mind there was no logical reason why 13 and 2 should work, but they did
work and that was good enough. The number 41 is then divided by 5 and the integer part
of that division, namely 8, is the only thing that is kept. Note that dividing 42 or 43 or
even 44 by 5 would generate the same integer part. Thus there are 8 excess days across
the months of March (28 days plus 3 excess days), April (2 excess days) and May (3
excess days)
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Again, taking February, with 𝑚 = 14, we find 𝑒!" =
there are a total of 29 excess days across the entire year.

!

= 29 and this means that

Here is a table of 𝑒! results for all of the months of the year using Zellers rule
Month

𝑒!

Month

𝑒!

Mar (3)
3
Sep (9)
16 + 2 = 18

Apr (4)
3+2=5
Oct (10)
18 + 3 = 21

May (5)
5+3=8
Nov (11)
21 + 2 = 23

Jun (6)
8 + 2 = 10
Dec (12)
23 + 3 = 26

Jul (7)
10 + 3 = 13
Jan (13)
26 + 3 = 29

Aug (8)
13 + 3 = 16
Feb (14)
29 + 0 = 29

The choice of finding excess days up to month 𝑚 − 1 is a deliberate strategy of Zeller’s
because it is suited to questions relating to the total number of elapsed days up to a
certain calendar date. To take an example, suppose we wish to know the number of
elapsed days between the 1st of March and the 4th of July. There are four complete
months, namely March, April, May and June in this interval, so it will be important to
know 𝑒! for 𝑚 = 6 rather than for 𝑚 = 7. To find the total elapsed days, we add four
lots of 28 days, the total excess days 𝑒! = 8, and the 4 days of July. That’s a total of 124
elapsed days.
For Zeller’s formula to be really useful to the modern world the problem of finding the
total elapsed days from the beginning of the year needs to be solved. One particular way
to do this is to limit Zeller’s formula to the months where 𝑚 ≤ 12 and then add a fudge
factor for the months of January and February. There are a total of 59 days to account for
in the first two months of the year, so a two-part formula for all months becomes:

Zeller’s Ω for Common & Leap years
Ω = 31(𝑚 − 1) + 𝑑

𝑚 = 1, 2

Ω = 59 + 𝑒! + 28(𝑚 − 3) + 𝑑

𝑚≥3

Ω! = 60 + 𝑒! + 28(𝑚 − 3) + 𝑑

𝑚≥3

Here Ω is the total number of elapsed days in any common year and 𝑑 is the elapsed days
in the specified month. For Leap years, we substitute 60 for 59 in the second part of the
formula. So for example, with 𝑚 = 9, the number of days elapsed in the year 2019 up to
and including 18th September is calculated as Ω = 59 + 𝑒! + 28× 9 − 3 + 18 = 260
whereas for leap years Ω! = 60 + 𝑒! + 28× 9 − 3 + 18 = 261.
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